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oro oTroio I eu0eio (e) €eorrr€ror rov Krix}rov (r1) xor (rz) awiotorlo. (6) To pmr6lpoppo
rpiycovo zou neprr}eicrcn aa6 ro 16(o BA tou rfrlou (xr ), ro 16(o Af tou rfrlou (x2) ror
ro eu0rilpoppo tprlpo Bf neprctp6getor zrl.rjpolg yup<o oa6 rov olovo, rov r(. No ppeite tov
oyro tou otepeot nou napayerar anb rqv zeprmpogl ourr1.

4. Aivetor l Sragoprrrl e(toroo4 ?- y"Or = -y2ovvx . (o) Xplorponoxbwaq to
ax

. tueroolr1potrop6 a = - rl pe ozoro6rizore al.Lo rp6ro, vo ppeire orrl tlopgrl y = f (x) Tl\
t

er6x1 }.uor1 t1q 6uqopr4g e{ioooqq yro rqv ozroio 5l 6rov p0 (p) Av x e (-1,1), vo

Bpeite ror-rg tpeq zp6touq 6pouq rou ovarrflparog Maclaurin r1q er6rxlq luoqg y = f (r)

-t Aiveror l ouvopr4oq y = e"ryp(x + a) ror 1 Torvio 0 Tw qv onoio ror-rer

;6p=2*o ,O.p .L  Nuazro6c(ere  tx t  l i ' 1  t ) -  e '1 -nU(x+a+vp) ,  
v - t .2 .3 ,

2 
' 

dx' ry'P

np@+ ! ) (  r \
rl nud + -----,---:-----l - l+' '  l l  npp \2  )

TTPOTEINOMENEX AYTEIX

\[EPO' A'

e" - ouvx -3x
(f, ozooodnptozic ) =

, .  (e "  -ouvx-3x) '  
, ,  - -  3 r t '_npx_3

l ' - -:--------------

'  " '  (  x ' �  -  4P2x -  Zx l '  "o2x-zovv2x+2

Z = l i m
i . '6 y2 -qO2t*2,

\3e" 
-rlpx -3)' 9e3 ' -ouvx -3= l im' i  ;o (2x-2ouv2x+2) , r-ro 2 + 4r7p2x

o
(f orpoo8roprorio ) +

U

O + l

2

2v +1)X
/

v \ v + ler' + r - e) = ef*' *l* -�lo = 6
r=l r=t r=l

I r
-' ". =lo

l.
-" .  =I(

" o l
' t ,  6 l= r  -  6 -  *(-a,<)= 6*" * *  -u.
t K l

\ - , ,  _ vl(zv + z)(zv +l) + v + 1 - I 2] _, (nv' + 6v + 2 + v + | - tz) _ v (tv' + 7 v - e)
1

.: ?ro(r7p27 + rolouv(z'fz7)= L 11
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@&a rc{r7p27 = a=qpa =2x, -it t rI,

r4orr"(z'E7)= p +ouvp =2'fir, o< 0 < r

( r )  -  -  r -  \
= 2a + p = J- = 2a = 

r- 0 = ouvza = ouvl;- P 
)= 

| - 2qp2 a = nu9 -

1-2.472 = 5-;V = (t-ar') '  =1-12x2 = 1-1.6x2 +64x0 =l-12x2 -> 64x4 -4x2 =0

x = 0 : 2ro€npy+ ro(ouv| = 0+:= 
: '  

:+ x= 06exnl

1 - . . 6 ^ r r t r
zroqqP-+ ToeoDv - = 2'-+-= - r

r ^ - ( r )  "  f  . . 6 ) f  n \ s rx = _ _ : 2ro14t1l_ ; 1* 
r"<o", 

[_rJ 
= 
l_]J.e 

=

4 .  h l  2 x 2 ' u = t o = r =  
l 0 =  5
2 r ' = u = V

K =2x'+6x.u.E > K =2x2 +or '1 ' ]9+f  =Zx'+!
15 x '  15  x '

1 .- o€Krq

r  l -- t - t = - - o t K t n
. A

= t =
I

x = - :

=8+16=r ( . , .

=(")t '  .r ' r .
\K . )

.^. dK 32 dK
(P) ,  = +x--.=' --_

(fi x- (fr

x ' - 8 = 0 = + x = 2

a (x ' - s )  dK
-._--;.-_ 

' 
----v --J

)c- at

T

v(v -1).,

v(v-r)(v-z).,

Apo 1ro vc eivor elopoto ro r6otog np6aer or 6ramdoer6 qg

6e(opew16 vo eivar 2m rar 4m.

(T) furc x= 2 = K^ =2'2'+2= K* = 124

1.2

( t+zx) ' ,

( , \ . " - , ^ ,
I  t J  z

l2)

mn'
\.3 i

v e N ,

3
t

3 9 3 ,-------------= ; =  ^ ,  _ , ,  = 1 : > v - 2  = 6 = L = j l
a  2 \ v - 2 )  4
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/ R \
rp) fro, r=5 4 =l .  l l "2t Xt -Ta=48384x5. Apa o ouweleodq eivor 48384

\ ) /

6. Oearporipre ra w6eX6gwc.

f : yvrrrpi(er rrlv oorcrrl ozarrqoq, T: o,zowri orqv rup1, I: onowo oo:oro

p(f )=; ,  p(r )=3,  p(r / r )=r ,  p(r / r )=; ,  p(E. l r )=1

P(x)= P(rnx)+P(rnI)= r ( r l r (E/r )+r( r )  P(x/ r )  =1t- r ; ;= 
1.*  

=*

P(f /  x)  =
P(r)

. d )

X  = 3 x

v - 1 , ,

xt  y '

i- ^ 
= I noo eivor rl uzrepPoMl (r)

-  . Y t  y '  -  a = 3
i '  ; 

- 
+ 

= t' p ='z 
-'> v2 = 42 + F''> r' = 9 + 4 => v' = 13 1 v = Jt3

Kopus6q: l(3,0), l '(-3,0) Eod:s: E(Ji3,o), a'(-Jt:,0).

Exrevtp6rqro:, =I-, =* Aor]grrorreq:, =t1t

1 ,o, 
d ( onw 

\_(F+aouvz)aouux-an(x(-arypr) -'" ' 
d*\p +aouvx ) (B*aouv7)'

apouvT + a' ouvt 7 + atrTp' 7 _ apouvT + a2 _ a$ouvz I 9t + d' - p' -
\ 2

\p + douw )
\ 2

\p + doury ) (P +aour7)'

3

5 o- 7 - i

1 0

P(rn>)

,|
= ,  r= -

I
=  y = -' a

(  t  o )  /x \  / r  o ) (x \  f  x \  f  l x )
M  - l  l > l  l = l  l l  l = l  l = l  |  =

f0 2/ [r /  \0 2r(/ /  \r  )  \zy)

n z - A 2
+ 4

(p + aouvT)"
-  P  ,  d ' - P '

p +douv7 
' 
(p *oo"tz)'
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$ \ f  
d '

' '  J0  5  +  40Dvx
, x  x  -  2 d tEErcd |  =  €Qt-  

r - -  
roEtQI  =e = 

l_1,

, r(ap'�zap) -) ),.0=
2ap p

2dt

l ' . �  !  = i - j rz-= ' l  =  .?o ' ,  = .= i 'o ' .=? ' , ro f t6( ! \ f ' :) a  5 + 4 o u v N  i  s * 4 1 : t ' .  
J r 5 ( t + r ' ) + + ( t - r ' )  r o 9  + t '  3 l  '  ' \ 3 , 1 1 "

1 + l

= ?( u"o!--t,ao\ = ?( ,o*a!-s\=?,o2"5!
3 \  3  -  

)  3 l  -  
3  )  3  ' ' 3

(1) @6tovroq a: 4,9 = 5 orq o16o11 rou eprorrlpcno6 (o) ror o),orl,lprbvowcg tc 6rio p6\

. t 4nu/ ll 
"', 

sd* i sa*
ttdtpvouue. | 

'- 
| = l-- l --------........ 1

15 + 4ottv7 )o | 5 - 4ouv7 ro (S + +our,7l'

4  t 0  - , t  ^ i  d x  i  a t  l 0  - . 1  4- = -TOi€@- - 9l ____---= f | ---------------- = -To(EA___
s  3  3  i ( s+aouv71"  i ( s++ouuy) "  27  - ' 3  2s

g. (.a) y' = 4ttx :> . . . 4  _ n ^ _ d y  _ 2 a
t ) / - - - -  1u  - - "  - -  - -

a c d y

E(ioaroq egouwop6v46:

t - zap=1  1 r -dp ' \  -p '

PY -2aqt = x-a72 -

1
A a = - ) 1 , * e = - P

D

E(iooiorl rdOecqq:

y - 2ap -- -o(z - ao') >

x - p y + a p z  = 0

y + p x = 2 a p + a p 3

l r r = u )
^ P  ^ T

. 2ap-2ai 2(9tfl ^ 2, r r r =  
o o t _ ; - n * = G e b q .  

p * t  - l L r p = ( e . t ) ,  n ^ " e = - p  )

p '  +  p t  + 2 = o
lo+t1

= -p => -p2 -  pt  -2= O:>
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rio,-'(,:t)l ^[ O#,]

-  
a ' p ( z+p ' )

1 t  n 2  ' )

f  
= l*  , r  l  = Eo* > E, ," , .

2
t r  n 2  t - )  (  ) \

hm e = lltlt--.---:- = llm I I +---;- l = I
a-..Eosr p-* p' p--\ p" )

l l  v '
I a .  -+ ! -

1 6 9

:, E-liorr:oq P>,'!^4*!^o =Y-r3ryr! =
Souvg -6nP0

-:'uA'x - 24r7p0ouv0 =8ouv9'y - 244p0ouv0 +

9-i'x +8ouv9'l = 0 + 3r7p0'x+ 4ouv9'y = 0

n #-?*=o - +*=-#-*=16/
^ l6Y I6'3nP0
) l  = - : - = - - - - ='  '-rad 

gx .g.4ouvq 3ouv0'

E$- xc0erq6: t- - 3np0 = ̂ 14F0^1, - 4orr|i =
3ouv0'

bttd'y -9tlp0'ouv6 = 4np0'x -l6r7p0'ouv0 = 4r7p0'x -3ouv0'y ='/1p9'ouve
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(1) ( i)  Egoaropfvqotooqpeio f(ap',zap): x-py+apz =o

l rop0 =  Py=apz )  y=ap-  A(O,ap) ,1 ro50 +  ,=op '>  A( -op ' ,0 )

Egcnrophnl oto olpeioT (at2 ,2at): x-ty+at2 =0

yrop50 = y - dt =l(O,ar), rrof=0 - x = at2 > t(-af ,O)

.&{,.o tq o16oq p' + p! + 2= 0 6r(oope , = -'* l' -
o

i  , ,  2 p
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,r., 
4W0'x -3ouv0'y =7npg'ouv1la

' 341t0'x + 4ouv9'y = 6 l3

25rtp0.x = 28r7p0.ouv0 = x =#*n ,

2 ly=- -nuU'  
2 5 "

l6nu0' x - l2ouvO' v = 28n u9'ou v0
= " = >

9qp0'x +12ouv0'y = 0
3nu0'x 3nu0 28y = -  "  = '  v = -  "  . - o D w  -' 
4otr,O 4out0 25

')\
O U V A = - x

28
2 5

1 l t u = - - Y' 
28'

n l t -a+ouv-a= l

= -=* ; {':, I rou eivar 6}.}.erqn1
(2s\'  Izr) '
trs, l2s)

MEPOE B

L  ( . c t )  y=  ' , t * 1 '  
,  x ( x -2 )+o>x to  ny *0  z . o .  xe  R -10 ,2 )

x ( x  -  2 )

1 : 0 6ev ppioxerot oro te6io oprcpori opo q xapzu\ 5ev r6pver rov o(ovo rrrtv y.

y = 0 > 3 x + Z = 0 =>, = -1 opo nropzrllq t6pver rov a(ovo rov 1 o,ro otlp.b 
[-;, 

0)

, b =
dY

d r =
dx

4l

!

x (x - 2) z - (3x + 2)(2x - 2) _

2 0
l "

+ o - l l
, t l

, v l . . .  l l  r- l l
max

x ' (x-2) '

2
U = X = - 2 .  X = -' 3

-00 -2 u

- 0  *  l l
i t l

\ i , v l l
min rl

+@ 
'l

r  =  - l =  y _ . -  =  - -
2

2 9
3 " * 2

.  (  ^  l )  ( t  e )
m r n l  - 1 , - -  l .  m a x l  - . - -  |

\ 2 ) 1 2 2 )
Karoropu<peqcoupnrcoteq. x=0, x=2

' ( ^  2 )
r t J +  |

[,n ]i'*:2 = lirn 
' 

! Ii =0. Apol er0eio y=0 hradn o o(ovoqto:vleivor, - - ,  X '  -2x  ' - t "  ,  (  .  2 \
x - l l -  ' l

\ r,i
opr(6wro ooupnrcorq t1q ropzrullq Kor ?rpoq ro oprorepo rar npog to 6efi6.
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l v l t  /  R
(lJ) --"=------==-+-'  x l x - 2 )  x  x -2

=  3x+2=  A (x -2 )+Bx

y taT=-0  =  A=- l

y lorry=2= B=4

1w , t -  1
A o d  - - - . =

'  
w l v - ? l x - 2  x

E - =  l n 4 + l n 3  =  E = 1 n 1 2 , : >  a - - 1 2

2.  (e) :  (a) :  r  =( -a i  +z i )+ t (z i  - i  + t i )

y ra l . :0  > r=-6 i  +2 j  +A(-6,2,0) ,  1a) ,= l  +  i  =-a l  + j  +3E-  8( -4,13)

I  o i  +z j ) ' ( - i  + j  +E)=e+z=t  opo A e f l

|  -+i + j +ti).(- i  + j + i) = ++t+3 = 8 crpo B e rI

( p )  oN  = (22 -  e ) i  + ( - t +z ) i  n ) , i ,  oN  L ( z i  - i  +z i ) =bN . ( z i  -  j + : [ ) - o  +

Q) - e).2 + (- 1 + 2)'(-1) + 3 2'3 = 0 :> 4 A - 12 + 7 - 2 + 9 tr. = 0 :+ t4 )" = t4 = )" = 1

ox = -qi + j +ti => w (-+,t,t)

l r  i
t "

oN . \z i  -  t  +zk)= l -+  I

1 2  - r

J .  ( o )  r , : x ' + y ' - 2 5 = 0  =  K , ( 0 , 0 )  ,  R r = 5

a . (  a  r \g = 1 1  _ _ _  l d x  =
1 \ r - Z  x )

6  = l + t n l x - z  l - l n  l x  l ] l

E = 4 ln2  - ln  4  - (a ln  I  -  ln  3 )

E = 2ln 4 - ln 4 +In3 =

6 i  + t } j  +zE :

i lr l
3l= 6i  -  i ' l - rz-  0)+ (+ -  z) 'k  -

r l- l

j  + i ) =  f i = 3 i  + e j  + i= z(s/ +o

i .f i = o --> /.(3i +si + E) = o

= ) \  l o
l > S O t = 2 5 0 + x = 5 - . u = 0- 50x = -225)

r . .  x '  +y '  - 5Ox+225=o  )  K r (25 ,0 )  &=J625 -225=Jqoo=zo

I KrKrl= R, + R, opo ot 6rlo rcurlor egcnrovrot e(coreprro

r B )  
x t  + . Y t

"  
, a + y ,
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(7.)

, i

, - - . r - - - - - . C l -

i - .
T
I

,JT i

; r \
t i

A I
, A 5 z 2t

I

I

25+3x  Iy =  ^  l _
l '

x"  +  y '  =25)

, (25 + 3x) '
x '  + '  '  = 2 5  - ,

l 6
25x2 +l iOx +225 = 0
+  x 2 + 6 x + 9 = 0  =

( r  + : ) '  =  o  +x = -3 ,

! =4  +  B (4 ,4 )

I  z ^ -  ^  r 2/  -  ----;-  |  ,  lz)+3xl
f = x. +:__z_ -50x+225 =0 = 25x2 _ 65Ox + 4225 = 0 =

x ' +  y ' - 5 0 x + 2 2 5 = 0 )

x2  -26x+ t6g=0  +  ( r - 13 ) ' =0  =x=13 ,  y -16  +  f ( I 3 , 16 )
V =V." r - , ,  , -Va-Va

v*o^,,*,= 
f [r: 

- (-:)J( 4'� +4.'t6+162) = o.!0a + at+256) =17e2o * ,

v^=, j  y,*=, j1zs-r1*=,frr .- i l '  =, l rrr- t2s, 1. 271 448r
,  3  

" L - ' ^  3 1 . - " 1 ' " . , -  3  " " - t ] = -  
t  * ' '

r n = r' j v' a' = r'j 1ro, - rr, - *' ) * = ol r r t' - rrr, - tf),,' =
5 5 L j

= rlqzzs-zszs-2'!' -uzs-1zs*E'l= olrsoo-2o7rf -:...,287r .. .,' t - -  - ' - '  
3  l t  L  

-  
3  ] =  t  

* u '
448tr 3328tr t600r

v z H l  =  t t y z l T - - -  
I  

=  
Z  

" p

e. fr-wdx=-y'ouvx,,=j=#=#*-*=-#*
! 

- wd, = - t' ou,* = - \! + | e6x = ou v x > !.!- +, e6, = ou *ax y" tu  y  &

I (x)=eJ '@& ="1**  ="  ^*o =L=r"o,

d u -  d
A'rqrx 

+ u.repx. eQx = tepx.ou v x + 
fr(u.reU 

x) = | = I d (u. repx) = ! t* + u.nUx = x + c

-  
# ;= 

x+c -u  =(x+c)oovx=!=( ,  +" )ourr> y  =
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y : l  6 r o v I = 0 = l = ] - " = 1  . E d u q t r 6 o q :  y =
c

I tEux I
l -  v r l  I

e-'=  . . ,  ̂ r y \ x - r a + K p + p )  =
np- p

(x +1)oovx

f  (x )=npx= f  (o)=t ,  f  ' (x )=tepx 'e4x=/ ' (o)=o

.f 
" (') = rep3 x + tpte('x + /"(0) = t

12  (  t ) ( - z )
A,pa rqtx -  t  -  

t  
*  (x -  l ) - '  = I  -  x+ l - - j l l - - : lx '+. . .  = l -  x* x '+ . . .

t  = r e u x ( x + t \ ' = [ ' - { -  l ( ' - x + x ' ' . .  ) = l - x * r ' * { *  = l - r + ] r ' +' [ 2 ) ' ' 2 2

5. y = "t' np(, + a) oo 6ei(or 6tr o runoq toS,reryro v: I

v = "" np (, + o) -fr -- zt',p 1x + a) + e" ouv (x + a) =

* 
= od7",,np(x +a)+ e,,ouv(, - ")-*=7#.e" 41t(x + a)+ e"ouv(x + a)+

*. *t""* nu(x + a) + 4pp ouv (x + a)]-! = 
fi ,uQ + a + f)

,Jr npp 
- qx rlPl

.\pc ro;grle r 1ta v:l

\-no06rro 6rr rolrietrov = * 6t), # 
= 
ffinu$ 

* o * *F1

Oo- 6ei(o: 6tr rol3.ier po v = r + I

r ' ' '  y _ d (d. y)__L( "* \  ' r^2' o2'

,,&'-' e\dr. ) *\ro. pn'(* * a + rf))= 
fry'u(' 

*o+ rl)+ftV ouv(x+ a+ rp)

e" ryp(x + a + rp)oovp + ouv(z + a + r/)nu|

ryp* B npB
=  * , . L n p ( r + a + ( r + l ) F )  > l o x r - r e t  v v e  N *

4 u '  p

d 'v  e ' *
*  =  _ n p ( x + a  + v p ) ,  v  = 1 , 2 , 3 . . . .
a x  n u p

^  np@* F) (  n \  r1p@+2p) ( r \ '  y t (a+ tp11o1 '
Pt ry ld.  t ,  npp l t  )-  , ' .4pp l t  )  

*  
3,npp [ tJ 

-  =

_ , ,o , * f ' (o ) .o  + / " (0 ) . f  " ) '  * t ' ' 0 ) (z \ '  *  =  r (L )= , , r r (L*o \=eoouvd
|  2  2 t  1 2 )  3 !  \ 2 )  

' \ 2 )  ' \ 2  
)

6rtI
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