
   
B2 E›Ó·È ˆ1 ⊆ A ¿Ú· P ˆ1 ≤ P(A) � 1

4
≤ 1 - P(Aã) � P(Aã) ≤ 3

4
.

E›ÛË˜ ˆ3 ⊆ Aã = ˆ2, ˆ3 ¿Ú· P ˆ3 ≤ P(Aã) � 1
3

≤ P(Aã).

B3 Afi ˘fiıÂÛË P(Aã) = 3
4

� P ˆ2 + P ˆ3 = 3
4

�

P ˆ3 = 1
3

P ˆ2 =
5

12
, ÔfiÙÂ

·fi P ˆ1 + P ˆ2 + P ˆ3 + P ˆ4 = 1 � 1
4

+ 5
12

+ 1
3

+ P ˆ4 = 1 � P ˆ4 = 0

TÔ ÂÓ‰Â¯fiÌÂÓÔ (A-B) Â›Ó·È ÙÔ ˆ4 Î·È ÙÔ ÂÓ‰Â¯fiÌÂÓÔ (B-A) Â›Ó·È ÙÔ ˆ3 ÔfiÙÂ

P (A-B) © (B-A) = P ˆ3 + P ˆ4 = 1

3
.

TÔ ÂÓ‰Â¯fiÌÂÓÔ (Aã-Bã) = Aã ü B = ˆ2, ˆ3 ü ˆ1, ˆ3 = ˆ3 ÌÂ P(Aã-Bã) =
1

3
.

° §˘ÎÂ›Ô˘
°ENIKH ¶AI¢EIA°ENIKH ¶AI¢EIA

 
A1 - ÛÂÏ 28 A2 - ÛÂÏ 14 A3 - ÛÂÏ 87

A4 - ·) @ § ‚) @ ™ Á) @ § ‰) @ § Â) @ §
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B1 ø = ˆ1, ˆ2, ˆ3, ˆ4 ÌÂ A = ˆ1, ˆ4 , B = ˆ1, ˆ3 .

P ˆ1 = -1
2

lim
x @ -1

x2 + x + 1 - 1

x3 + x2
= -1

2
lim

x @ -1

x2 + x + 1 - 1

x x2 + x x2 + x + 1 + 1
=

-1
2

lim
x @ -1

1

x x2 + x + 1 + 1
= -1

2
-1
2

‰ËÏ. P ˆ1 =
1

4
.

H f(x) = 1
3
xlnx ¤¯ÂÈ ·Ú¿ÁˆÁÔ fã(x) = 1

3
lnx + 1 ÁÈ· x > 0 Î·È

Ú˘ıÌfi ÌÂÙ·‚ÔÏ‹˜ ÛÙÔ x = 1 ÙËÓ P ˆ3 = fã(1) =
1

3
.



   
°1 Afi ˘fiıÂÛË ·ÊÔ‡ Ë ÌÈÎÚfiÙÂÚË ÙÈÌ‹ ÙˆÓ ·Ú·ÙËÚ‹ÛÂˆÓ Â›Ó·È 50

Î·È Ë ÎÂÓÙÚÈÎ‹ ÙÈÌ‹ x4 = 85 ¤¯Ô˘ÌÂ 3c + 1
2
c = 85 - 50 � 7

2
c = 35 � c = 10.

°2 Œ¯Ô˘ÌÂ Â›ÛË˜ f4 = 2f3 Î·È ·ÊÔ‡ Ë ‰È¿ÌÂÛÔ˜ ‰ = 75 (‰ËÏ. Ë x3) ÈÛ¯‡ÂÈ:

f1 + f2 + 1
2
f3 = 1

2
f3 + f4 � f1 + f2 = f4 = 2f3.

AÓÙÈÎ·ıÈÛÙÒÓÙ·˜ ÛÙËÓ f1 + f2 + f3 + f4 = 1 � 2f3 + f3 + 2f3 = 1 � f3 = 0,2,

ÔfiÙÂ f4 = 0,4 Î·È f2 = 0,4 - f1.

ŒÙÛÈ ·fi x = 74 � xifiΣ
i = 1

4

= 74 � 55f1 + 65f2 + 75f3 + 85f4 = 74 �

55f1 + 65 0,4 - f1 + 75#0,2 + 85#0,4 = 74 � -10f1 + 26 + 15 + 34 = 74 � f1 = 0,1.

¶·Ú·Î¿Ùˆ Ê·›ÓÂÙ·È Ô ˙ËÙÔ‡ÌÂÓÔ˜ ›Ó·Î·˜ Û¯ÂÙÈÎÒÓ Û˘¯ÓÔÙ‹ÙˆÓ

[50-60) 55 0,1 1/6

[60-70) 65 0,3 1/2

[70-80) 75 0,2 1/3

[80-90) 85 0,4

™YN. 1

K§A™EI™   xi  fi  fiã

55/6

65/2

75/3

 xi#fiã
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°3 OÈ ·Ú·ÙËÚ‹ÛÂÈ˜ Ô˘ Â›Ó·È ÌÈÎÚfiÙÂÚÂ˜ ÙÔ˘ 80 ·Ó‹ÎÔ˘Ó ÛÙÈ˜ 3 ÚÒÙÂ˜

ÎÏ¿ÛÂÈ˜ Î·È ·ÊÔ‡ Û˘ÓÔÏÈÎ¿ ÙÒÚ· ¤¯Ô˘ÌÂ f1 + f2 + f3 = 0,6 ı· ¤¯Ô˘ÌÂ Ó¤Â˜ Û .̄ Û˘¯ÓfiÙËÙÂ :̃

f1ã =
1

6
, ·ÊÔ‡ f1 = 0,1 = 1

6
#0,6, f2ã =

1

2
, ·ÊÔ‡ f2 = 0,3 = 1

2
#0,6, f3ã =

1

3
, ·ÊÔ‡ f3 = 0,2 = 1

3
#0,6.

ŒÙÛÈ Ë Ó¤· Ì¤ÛË ÙÈÌ‹ Â›Ó·È: x ã = xifiãΣ
i = 1

3

= 55
6

+ 65
2

+ 75
3

= 200

3

200/31



   
¢1 Œ¯Ô˘ÌÂ f(x) = xlnx + k ÌÂ ·Ú¿ÁˆÁÔ fã(x) = lnx + 1 ÁÈ· x > 0.

E›Ó·È f(1) = k, fã(1) = 1 Î·È ·Ó Â: y = Ïx + ‚ Ë ÂÊ·ÙfiÌÂÓË ÛÙÔ x = 1 Â›Ó·È

Ï = fã(1) = 1, ‚ = k - 1, ÔfiÙÂ Â: y = x + k - 1

H Â Ù¤ÌÓÂÈ ÙÔÓ xãx (ÁÈ· y = 0) ÛÙÔ (¤ÛÙ )̂ xA = 1 - k < 0, ·ÊÔ‡ k > 1

Î·È ÙÔÓ yãy (ÁÈ· x = 0) ÛÙÔ (¤ÛÙ )̂ yB = k - 1 > 0.

Afi ˘fiıÂÛË ÙÔ ÂÌ‚·‰fiÓ EAOB < 2 � 1
2

xA yB < 2 � k - 1
2
< 4

k - 1 < 2 � k < 3, ofiÙÂ Ô ·Î¤Ú·ÈÔ˜ Î Ô˘ ·Ó·˙ËÙÔ‡ÌÂ ÌÂ 1 < Î < 3

Â›Ó·È Ô Î = 2 Î·È Ë f(x) = xlnx + 2.

¢2 Œ¯Ô˘ÌÂ Ó = 50 ÛËÌÂ›· xi,yi ÙË˜ Â: y = x + 1 ÁÈ· Ù· ÔÔ›·:

·) xi = yi - 1 Î·È ·ÊÔ‡ ÔÈ ÙÂÙ·ÁÌ¤ÓÂ˜ yi ¤¯Ô˘Ó y = 31 ·fi ÁÓˆÛÙ‹ ÂÊ·ÚÌÔÁ‹

x = y - 1 � x = 30.

‚) Œ¯Ô˘ÌÂ Ó¤Â˜ ·Ú·ÙËÚ‹ÛÂÈ˜ (¤ÛÙ )̂ ti ÁÈ· ÙÈ˜ ÔÔ›Â˜:

ti = xi + 3 ÁÈ· i = 1, 2, ... , 20

ti = xi ÁÈ· i = 21, 22, ... , 35

ti = xi - Ï ÁÈ· i = 36, 37, ... , 50

Ô˘ ¤¯Ô˘Ó t = 31 �
tiΣ

i = 1

50

50
= 31 �

xi + 3Σ
i = 1

20

+ xiΣ
i = 21

35

+ xi - ÏΣ
i = 36

50

50
= 31
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°4 Afi ˘fiıÂÛË ÔÈ Î Ó¤Â˜ ·Ú·ÙËÚ‹ÛÂÈ˜ ÌÂ (¤ÛÙ )̂

M¤ÛË TÈÌ‹ y Î·È T. AfiÎÏÈÛË sy, ·ÎÔÏÔ˘ıÔ‡Ó Î·ÓÔÓÈÎ‹ Î·Ù·ÓÔÌ‹

Î·È ·ÊÔ‡ ÙÔ 2,5% ·˘ÙÒÓ Â›Ó·È ≥ 74 ÈÛ¯‡ÂÈ y + 2sy = 74

Î·È ·ÊÔ‡ ÙÔ 16% ·˘ÙÒÓ Â›Ó·È ≤ 68 ÈÛ¯‡ÂÈ y - sy = 68.

Afi ÙÔ Û‡ÛÙËÌ¿ ÙÔ˘˜ ¤¯Ô˘ÌÂ
M¤ÛË TÈÌ‹ y = 70

T. AfiÎÏÈÛË sy = 2
Î·È Û˘ÓÙÂÏÂÛÙ‹

CV =
sy

y
= 2

70
= 1

35
< 10%, ¿Ú· ÙÔ ‰Â›ÁÌ· Â›Ó·È ÔÌÔÈÔÁÂÓ¤˜



�
xiΣ

i = 1

50

+ 20#3 + 15#(-Ï)

50
= 31 �

xiΣ
i = 1

50

50
+

60 - 15Ï

50
= 31 �

x +
60 - 15Ï

50
= 31 �

60 - 15Ï

50
= 1 � Ï =

10

15
=

2

3

  
¢3 Œ¯Ô˘ÌÂ f(x) = xlnx + 2 ÌÂ fã(x) = lnx + 1 > 0 ÁÈ· x > 1

e
.

ŒÙÛÈ ÁÈ· Ù· 1
e

< · < ‚ < Á < e Â›Ó·È ·ÊÔ‡ Ë f ì

0 < f 1
e

= 2 - 1
e

< f(·) < f(‚) < f(Á) < f(e) = e + 2, ÔfiÙÂ Ë ÌÈÎÚfiÙÂÚË

·fi ÙÈ˜ ·Ú·ÙËÚ‹ÛÂÈ˜ fã 1
e

, f(·), f(‚), f(Á), f(e) Â›Ó·È Ë fã 1
e

= 0.

ŒÙÛÈ ÙÔ Â‡ÚÔ˜ R = f(e) - fã
1

e
= e + 2.

Afi ˘fiıÂÛË ·
·
#‚

‚
#Á

Á
= e7 � ln ·

·
#‚

‚
#Á

Á
= lne7 �

·ln· + ‚ln‚ + ÁlnÁ = 7 �
+ 6

f(·) + f(‚) + f(Á) = 7 + 6 = 13.

ŒÙÛÈ Ë Ì¤ÛË ÙÈÌ‹ ÙˆÓ ·Ú·¿Óˆ ·Ú·ÙËÚ‹ÛÂˆÓ Â›Ó·È:

x =
f(·) + f(‚) + f(Á) + f(e) + fã 1

e
5

=
13 + e + 2 + 0

5
= 3 +

e

5
.

  
¢4 Œ¯Ô˘ÌÂ ‰ÂÈÁÌ·ÙÈÎfi ¯ÒÚÔ ø ÌÂ Ó = 30 ÈÛÔ›ı·Ó· ÂÓ‰Â¯fiÌÂÓ·.

E›Ó·È ti < 1 ÁÈ· i = 1, 2, ..., 29 Î·È ÙÔ t30 = 1 Î·È ti <
1
e

ÁÈ· i = 1, 2, ..., 10.

H ÂÊ·ÙfiÌÂÓË ÙË˜ f ÛÙÔ x = t Û¯ËÌ·Ù›˙ÂÈ ÌÂ ÙÔÓ xãx ÔÍÂ›· ÁˆÓ›· fiÙ·Ó

fã(t) > 0 � lnt + 1 > 0 � lnt > -1 � t > 1
e
.

ŒÙÛÈ ÙÔ ÂÓ‰Â¯fiÌÂÓÔ A = t çø ÌÂ t > 1
e

= t11, t12, ..., t30 ÌÂ N(A) = 20 Î·È

P(A) =
N(A)

N(ø)
=

20

30
=

2

3
.

Afi ˘fiıÂÛË f(t) > fã(t) + 1 � tlnt + 2 > lnt + 1 + 1 � lnt t - 1 > 0

Ô˘ ÈÛ¯‡ÂÈ ÁÈ· Î¿ıÂ t çø ÂÎÙfi˜ ÙÔ˘ t30 = 1.

ŒÙÛÈ ÙÔ ÂÓ‰Â¯fiÌÂÓÔ B = t çø ÌÂ t < 1 = t1, t2, ..., t29 ÌÂ N(B) = 29 Î·È
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P(B) =
N(B)

N(ø)
=

29

30
.

E›Ó·È A ü B = t11, t12, ..., t29 ÌÂ N A ü B = 19 Î·È P A ü B =
N A ü B

N(ø)
=

19

30
.


