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B1 Afi ÙË Û¯¤ÛË z - 1

2
+ z + 1

2
= 4 ÌÂ z = x + yi ¤¯Ô˘ÌÂ:

x - 1 + yi
2
+ x + 1 + yi

2
= 4 ( x - 1

2
+ y2 + x + 1

2
+ y2 = 4 (

x2 - 2x + 1 + y2 + x2 + 2x + 1 + y2 = 4 (
: 2

x
2
+ y

2
= 1,

¿Ú· ÔÈ ÂÈÎfiÓÂ˜ ÙˆÓ z ·Ó‹ÎÔ˘Ó ÛÙÔ ÌÔÓ·‰È·›Ô Î‡ÎÏÔ ‰ËÏ. z = 1 !!

B2 ¢›ÓÂÙ·È z1 - z2 = 2 Î·È ı¤ÏÔ˘ÌÂ ÙÔ z1 + z2 fiÔ˘ z1, z2 ÌÈÁ·‰ÈÎÔ›

ÁÈ· ÙÔ˘˜ ÔÔ›Ô˘˜ ÈÛ¯‡Ô˘Ó ·fi ! z1 = z2 = 1, ‰ËÏ. z1z1 = z2z2 = 1.

Afi z1 - z2 = 2 ( z1 - z2
2 = 2 ( z1 - z2 z1 - z2 = 2 (

z1z1 - z1z2 - z2z1 + z2z2 = 2 ( 1 - z1z2 + z1z2 + 1 = 2 ( z1z2 + z1z2 = 0 @.

E›Ó·È z1 + z2
2 = z1z1 + z1z2 + z1z2 + z2z2 =

@
1 + 0 + 1, ¿Ú· z1 + z2 = 2

B3 ¢›ÓÂÙ·È w - 5w = 12 Î·È ÌÂ w = x + yi ¤¯Ô˘ÌÂ:

x + yi - 5 x - yi = 12 ( -4x + 6yi = 12 (
: 2

-2x + 3yi = 6 (

4x2 + 9y2 = 6 ( 4x2 + 9y2 = 36 (
: 36 x2

9
+

y2

4
= 1, ŒÏÏÂÈ„Ë ÌÂ ÂÛÙ›Â˜ xãx Î·È

· = 3

‚ = 2

ŒÙÛÈ ÔÈ ÂÈÎfiÓÂ˜ ÙˆÓ w ÌÂ ÙÔ max Ì¤ÙÚÔ ı· ·Ó‹ÎÔ˘Ó ÛÙÈ˜ ÎÔÚ˘Ê¤˜ A ·,0 , Aã -·,0

ÌÂ w max = · = 3, ‰ËÏ. w ≤ 3 ##

Î·È ÔÈ ÂÈÎfiÓÂ˜ ÙˆÓ w ÌÂ ÙÔ min Ì¤ÙÚÔ ı· ·Ó‹ÎÔ˘Ó ÛÙÈ˜ ÎÔÚ˘Ê¤˜ B 0,‚ , Bã 0,-‚

ÌÂ w min = ‚ = 2, ‰ËÏ. w ≥ 2 $$
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B4 Afi TÚÈÁˆÓÈÎ‹ ·ÓÈÛfiÙËÙ· ¤¯Ô˘ÌÂ:

z - w ≤ z + w =
!

w + 1 ≤
#

3 + 1 = 4

z - w ≥ w - z =
!

w - 1 ≥
$

2 - 1 = 1
‰ËÏ. 1 ≤ z - w ≤ 4
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   ¢›ÓÂÙ·È Ë f(x) = x - 1 lnx - 1 ÌÂ ¶.O ÙÔ 0,+ß .

°1 °È· x > 0 Â›Ó·È fã(x) = lnx + x - 1
x

= lnx + 1 - 1
x

ÌÂ fã(1) = 0 Î·È

fãã(x) = 1
x

+ 1
x2

> 0 ÛÙÔ 0,+ß , ¿Ú· Ë fã(x) ì ÔfiÙÂ:

ÁÈ· 0 < x < 1 Â›Ó·È fã(x) < fã(1) = 0, ¿Ú· Ë f(x) † ÛÙÔ 0,1 .

Î·È ÁÈ· x > 1 Â›Ó·È fã(x) > fã(1) = 0, ¿Ú· Ë f(x) ì ÛÙÔ 1,+ß .

E›Ó·È ÔÏÈÎfi min ÙÔ f(1) = -1 Î·È lim
x @ 0+

f(x) = lim
x @ 0+

x - 1 lnx - 1 = +ß,

lim
x @ +ß

f(x) = lim
x @ +ß

x - 1 lnx - 1 = +ß, ·ÊÔ‡
lim

x @ 0+
lnx = -ß

lim
x @ +ß

lnx = +ß
. ŒÙÛÈ

ÛÙÔ ¢1 = 0,1 Ô˘ Ë f(x) † ı· ¤¯ÂÈ ™.T ÙÔ f ¢1 = f(1), lim
x @ 0+

f(x) = -1,+ß Î·È

ÛÙÔ ¢2 = 1,+ß Ô˘ Ë f(x) ì ı· ¤¯ÂÈ ™.T ÙÔ f ¢2 = f(1), lim
x @ +ß

f(x) = -1,+ß .

TÂÏÈÎ¿ Ë f(x) ¤¯ÂÈ ™.T ÙÔ f ¢1 © f ¢2 = -1,+ß .

°2 °È· x > 0 ·fi xx - 1 = e2013 ( lnxx - 1 = lne2013 ( x - 1 lnx = 2013

(
- 1

x - 1 lnx - 1 = 2012 ‰ËÏ ¤¯ˆ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ f(x) = 2012.

H ÙÈÌ‹ 2012 ·Ó‹ÎÂÈ ÛÙÔ f ¢1 = -1,+ß ¿Ú· ˘¿Ú¯ÂÈ x1 ç 0,1 ÒÛÙÂ f x1 = 2012

Î·È Â›ÛË˜ fã x1 < 0 ! ÙÔ ÔÔ›Ô Â›Ó·È Î·È ÌÔÓ·‰ÈÎfi ·ÊÔ‡ Ë f(x) † ÛÙÔ 0,1 Î·È

fiÌÔÈ· ÌÔÓ·‰ÈÎfi x2 ç 1,+ß ÒÛÙÂ f x2 = 2012 Î·È fã x2 > 0 @ .

ÕÚ· Ë ÂÍ›ÛˆÛË xx - 1 = e2013 ¤¯ÂÈ 2 ·ÎÚÈ‚Ò˜ Ú›˙Â˜ 0 < x1 < 1 < x2
.

°3 £¤Ïˆ ÙËÓ ‡·ÚÍË x0 ç x1,x2 ÁÈ· ÙÔ ÔÔ›Ô Ó· ÈÛ¯‡ÂÈ fã x0 + f x0 = 2012,

‰ËÏ. x0 ç x1,x2 Ô˘ Ó· Â·ÏËıÂ‡ÂÈ ÙËÓ ÂÍ›ÛˆÛË fã(x) + f(x) = 2012.



ŒÛÙˆ h(x) = fã(x) + f(x) - 2012, Û˘ÓÂ¯‹˜ Û·Ó ¿ıÚÔÈÛÌ· Û˘ÓÂ¯ÒÓ ÛÙÔ x1,x2 ⊆ 0,+ß .

h x1 = fã x1 + f x1 - 2012 = fã x1 + 2012 - 2012 = fã x1 <
!

0

h x2 = fã x2 + f x2 - 2012 = fã x2 + 2012 - 2012 = fã x2 >
@

0

ŒÙÛÈ h x1 h x2 < 0, ¿Ú· ·fi £. Bolzano ÙÔ ˙ËÙÔ‡ÌÂÓÔ.

°4 £¤Ïˆ ÙÔ E ÙÔ˘ ¯ˆÚ›Ô˘ Ô˘ ÂÚÈÎÏÂ›ÂÙ·È ·fi ÙËÓ g(x) = f(x) + 1 = x - 1 lnx

¿ÍÔÓ· xãx Î·È ÙËÓ Â: x = e.

TÔ ¿ÏÏÔ ¿ÎÚÔ ı· Â›Ó·È Ú›˙· ÙË˜ g(x) = 0 ( x - 1 lnx = 0 ( x = 1. ŒÙÛÈ:

E = g(x) dx
1

e

= x - 1 lnxdx
1

e

, ·ÊÔ‡ x - 1 lnx ≥ 0 ÁÈ· x ≥ 1.

E = 1
2

x - 1
2 ã#lnxdx

1

e

= 1
2

x - 1
2
lnx

1

e

- 1
2

x - 1
2
#1
x
dx

1

e

=

1
2

e - 1
2
lne - 0 - 1

2
x - 2 + 1

x
dx

1

e

= 1
2

e - 1
2
- 1

2
x2

2
- 2x + lnx

1

e

=

1
2

e2 - 2e + 1 - 1
2

e2

2
- 2e + lne - 1

2
- 2 + ln1 = 1

2
e2 - 2e + 1 - e2

2
+ 2e - 5

2

E = e2 - 3
4

  °È· ÙË Û˘ÓÂ¯‹ ÛÙÔ 0,+ß f(x) ¤¯Ô˘ÌÂ fiÙÈ f(x) ≠ 0 ¿Ú· ı· ‰È·ÙËÚÂ› ÛÙ·ıÂÚfi ÚfiÛËÌÔ

f(t)dt
1

x2 - x + 1

≥ x - x2

e
A ÁÈ· Î¿ıÂ x > 0 Î·È lnx - x = - lnt - t

f(t)
dt

1

x

+ e # f(x) B .

¢1 ŒÛÙˆ g(x) = f(t)dt
1

x2 - x + 1

- x - x2

e
Û˘Ó¿ÚÙËÛË ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,+ß .

AÊÔ‡ Ë f(x) Û˘ÓÂ¯‹˜ ÛÙÔ 0,+ß , Ë f(t)dt
1

x2 - x + 1

·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,+ß Û·Ó

Û‡ÓıÂÛË ÙˆÓ ·Ú·ÁˆÁ›ÛÈÌˆÓ f(t)dt
1

x

Î·È x2 - x + 1.

E›Ó·È ÏÔÈfiÓ gã(x) = f x2 - x + 1 2x - 1 - 1 - 2x
e

.

Z ‹ Ù Ë Ì · $$



Afi A Â›Ó·È g(x) ≥ 0 = g(1) ÁÈ· Î¿ıÂ x > 0, ¿Ú· Ë g(x) ÂÌÊ·Ó›˙ÂÈ ÛÙÔ x = 1 min Î·È

·ÊÔ‡ Ë g(x) ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (ÂÛˆÙÂÚÈÎfi) x = 1, ·fi £. Fermat gã(1) = 0 (

f(1) 2 - 1 - 1 - 2
e

= 0 ( f(1) = -
1

e

AÊÔ‡ ÏÔÈfiÓ Ë Û˘ÓÂ¯‹˜ f(x) ‰È·ÙËÚÂ› ÛÙ·ıÂÚfi ÚfiÛËÌÔ Î·È f(1) < 0,

ı· Â›Ó·È f(x) < 0 ÛÙÔ 0,+ß .

ŒÙÛÈ Ë B Á›ÓÂÙ·È: lnx - x = lnt - t
f(t)

dt
1

x

+ e #f(x) (
f(x) < 0 lnx - x

f(x)
= lnt - t

f(t)
dt

1

x

+ e °

Î·È ·ÊÔ‡ ÔÈ fiÚÔÈ lnx - x Î·È lnt - t
f(t)

dt
1

x

Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌÂ˜ ÛÙÔ 0,+ß Î·ıfiÙÈ

Ë Û˘Ó¿ÚÙËÛË lnt - t
f(t)

Û˘ÓÂ¯‹ ,̃ ÚÔÎ‡ÙÂÈ fiÙÈ Ë Û˘Ó¿ÚÙËÛË f(x) Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË.

Afi ° ·Ú·ÁˆÁ›˙ÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ÁÈ· x > 0 ÚÔÎ‡ÙÂÈ:

lnx - x
f(x)

ã =
lnx - x

f(x)
Û¯¤ÛË ÙË˜ ÌÔÚÊ‹˜ hã(x) = h(x) ( h(x) = cex (ÁÓˆÛÙ‹ ÂÊ·ÚÌÔÁ‹).

ŒÙÛÈ
lnx - x

f(x)
= cex ÁÈ· Î¿ıÂ x > 0, Î·È ÁÈ· x = 1:

ln1 - 1

f(1)
= ce ( -1

-1
e

= c#e ( c = 1

ÔfiÙÂ
lnx - x

f(x)
= ex ( f(x) = e

-x
lnx - x

¢2 £¤Ïˆ ÙÔ lim
x @ 0+

f
2
(x)#ËÌ 1

f(x)
- f(x) = lim

x @ 0+
ËÌ 1

f(x)
- 1

f(x)
f
2
(x) .

£¤Ùˆ 1
f(x)

= ex

lnx - x
= u ÌÂ lim

x @ 0+

ex

lnx - x
=

1
-ß

0, ·ÊÔ‡ lim
x @ 0+

lnx - x = -ß.

ŒÙÛÈ ÙÔ fiÚÈÔ Á›ÓÂÙ·È lim
u @ 0

ËÌu - u

u2
=
H

0
0

lim
u @ 0

Û˘Óu - 1

2u
= 1

2
lim
u @ 0

Û˘Óu - 1
u

= 0.
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¢3 M·˜ ‰›ÓÂÙ·È fiÙÈ lnx ≤ x - 1 ! ÁÈ· Î¿ıÂ x > 0

H Û˘Ó¿ÚÙËÛË F(x) = f(t)dt
·

x

Â›Ó·È 2 ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,+ß ·ÊÔ‡ Ë f(x)

·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,+ß ·fi Ù· ·Ú·¿Óˆ Î·È ¤¯ÂÈ:

Fã(x) = f(x) < 0 (fiˆ˜ ‰Â›Í·ÌÂ), ¿Ú· Ë F(x) † ÛÙÔ 0,+ß Î·È

Fãã(x) = fã(x) =

1
x

- 1 ex - lnx - x ex

ex 2
=

1
x

+ x - 1 - lnx

ex >
!

0,

·ÊÔ‡ x - 1 - lnx ≥ 0 Î·È 1
x

> 0 ÛÙÔ 0,+ß .

ŒÙÛÈ Ë F(x) † Î·È Î˘ÚÙ‹ ÛÙÔ 0,+ß , ‰ËÏ. Ë Fã(x) ì ÛÙÔ 0,+ß .

£¤Ïˆ ÛÙÔ 0,+ß Ó· ‰Â›Íˆ fiÙÈ F(x) + F 3x > 2F 2x @ ‰ËÏ.

F 3x - F 2x > F 2x - F(x) (
x > 0 F 3x - F 2x

3x - 2x
>

F 2x - F(x)

2x - x
(
£MT

Fã Í2 > Fã Í1 ,

¤¯ÔÓÙ·˜ ÂÊ·ÚÌfiÛÂÈ ÙÔ £.M.T. ÛÙË Û˘ÓÂ¯‹ Î·È ·Ú·ÁˆÁ›ÛÈÌË F(x) ÛÙ· x,2x , 2x,3x .

ŒÙÛÈ ÌÂ x < Í1 < 2x < Í2 < 3x, ‰ËÏ. Í1 < Í2 ÈÛ¯‡ÂÈ fiÙÈ Fã Í2 > Fã Í1 ·ÊÔ‡ Ë Fã(x) ì.

¢4 £¤Ïˆ ÌÔÓ·‰ÈÎfi Í ç ‚,2‚ ⊆ 0,+ß ÒÛÙÂ F ‚ + F 3‚ = 2F Í ,

‰ËÏ. ÌÔÓ·‰ÈÎfi Í ç ‚,2‚ Ô˘ Ó· Â·ÏËıÂ‡ÂÈ ÙËÓ ÂÍ›ÛˆÛË F ‚ + F 3‚ = 2F x .

ŒÛÙˆ Ê(x) = F ‚ + F 3‚ - 2F x ·Ú·ÁˆÁ›ÛÈÌË (¿Ú· Î·È Û˘ÓÂ¯‹˜) ÛÙÔ ‚,2‚ ÌÂ

Ê(‚) = F ‚ + F 3‚ - 2F ‚ = F 3‚ - F ‚ < 0 ·ÊÔ‡ 3‚ > ‚ ÁÈ· ‚ > 0 Î·È F(x) †,

Ê(2‚) = F ‚ + F 3‚ - 2F 2‚ >
@

0 ¤¯ÔÓÙ·˜ ı¤ÛÂÈ ÛÙËÓ ÚÔËÁÔ‡ÌÂÓË@ x = ‚.

ŒÙÛÈ Ê(‚)Ê(2‚) < 0, ¿Ú· ·fi £. Bolzano Ë Ê(x) ¤¯ÂÈ Ú›˙· ÛÙÔ ‚,2‚ , Ô˘ ÂÈÏ¤ÔÓ

Â›Ó·È ÌÔÓ·‰ÈÎ‹ ·ÊÔ‡ Ë Ê(x) ì ÛÙÔ ‚,2‚ ÁÈ·Ù› Êã(x) = -2Fã x > 0.


