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B1 Afi z - 2 z - 2 + z - 2 = 2 � z - 2

2
+ z - 2 = 2 �

z - 2 = x

x2 + x - 2 = 0 �
x ≥ 0

x = 1 ‰ËÏ. z - 2 = 1

¿Ú· Ô ÁÂˆÌÂÙÚÈÎfi˜ ÙfiÔ˜ ÙˆÓ ÂÈÎfiÓˆÓ ÙˆÓ ÌÈÁ·‰ÈÎÒÓ z Â›Ó·È Î‡ÎÏÔ˜ K(2,0)
Ú = 1

E›Ó·È z = z - 2 + 2 ≤ z - 2 + 2 = 3, ‰ËÏ. z ≤ 3 A

2Ô˜ TÚfiÔ˜ Î·È ÁÂˆÌÂÙÚÈÎ¿ ·ÊÔ‡ ÙÔ ÛËÌÂ›Ô A(3,0) ÙÔ˘ C ·¤¯ÂÈ (OA)max = 3

B2 ŒÛÙˆ z1,2 = x ± yi ÔÈ 2 Û˘˙˘ÁÂ›˜ Ú›˙Â˜ ÙË˜ w2 + ‚w + Á = 0.

IÛ¯‡Ô˘Ó

z1 + z2 = S � 2x = -‚ !

z1#z2 = P � z1#z1 = Á � x2 + y2 = Á @

àm z1 - àm z2 = 2 � 2y = 2 � y = 1 #

Afi ÙËÓ ÂÍ›ÛˆÛË ÙÔ˘ Î‡ÎÏÔ˘ x - 2
2
+ y2 = 1 �

#

x - 2
2
+ 1 = 1 � x = 2

ŒÙÛÈ
! B ‚ = -4

@ B Á = 5

Z ‹ Ù Ë Ì · !!

Z ‹ Ù Ë Ì · @@

 
A1 B ÛÂÏ 334 A2 B ÛÂÏ 246 A3 B ÛÂÏ 222
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°1 Afi ˘fiıÂÛË f(x) + x fã(x) + 1 = x � 2 f(x) + x f(x) + x ã = 2x �

f(x) + x
2 ã = x2 ã � f(x) + x

2
= x2 + c ÁÈ· Î¿ıÂ x ç®, ÔfiÙÂ Î·È ÁÈ· x = 0:

f(0) + 0
2
= 0 + c �

f(0) = 1

c = 1, ¿Ú· f(x) + x
2
= x2 + 1 ≠ 0.

BÏ¤ˆ fiÙÈ Ë Û˘ÓÂ¯‹˜ f(x) + x ≠ 0 ÛÙÔ ® ÔfiÙÂ ı· ‰È·ÙËÚÂ› ÛÙ·ıÂÚfi ÚfiÛËÌÔ ÛÙÔ ®

Î·È ¤ÙÛÈ ÔÈ Èı·ÓÔ› Ù‡ÔÈ Â›Ó·È f(x) + x = x2 + 1 � f(x) = x
2
+ 1 - x

f(x) + x = - x2 + 1 � f(x) = - x2 + 1 - x

O Ù‡Ô˜ f(x) = - x2 + 1 - x ‰›ÓÂÈ f(0) = -1 Î·È ·ÔÚÚ›ÙÂÙ·È

°2 Afi ˘fiıÂÛË ÁÈ· ÙËÓ g(x) = x3 + 3
2
x2 - 1 ‰›ÓÂÙ·È Ë ÂÍ›ÛˆÛË f g(x) = 1 �

� f g(x) = f(0) � g(x) = 0, ÙË˜ ÔÔ›·˜ ı¤Ïˆ Ó· ‚Úˆ Ï‹ıÔ˜ ÚÈ˙ÒÓ.

ŸÏ· ·˘Ù¿ Î·ıfiÙÈ Ë f(x) Â›Ó·È Û˘Ó¿ÚÙËÛË 1 - 1 ·ÊÔ‡ ¤¯ÂÈ:

fã(x) = 2x

2 x2 + 1
- 1 = x - x2 + 1

x2 + 1
< 0 Î·ıfiÙÈ x2 + 1 > x2 = x ≥ x.

°È· ÙÔÓ ›‰ÈÔ ÏfiÁÔ Â›Ó·È f(x) = x2 + 1 - x > 0. ŒÙÛÈ Ë f †, ¿Ú· Î·È 1 - 1.

XÚÂÈ·˙fiÌ·ÛÙÂ ÙÔ Û‡ÓÔÏÔ ÙÈÌÒÓ ÙË˜ g(x) = x3 + 3
2
x2 - 1.

  
B3 Afi ÙË Û¯¤ÛË Ó

3
+ ·2#Ó

2
+ ·1#Ó + ·0 = 0 � Ó

3
= -·2#Ó

2
- ·1#Ó - ·0

¿Ú· Î·È Ó
3

= -·2#Ó
2
- ·1#Ó - ·0 ≤ -·2#Ó

2
+ -·1#Ó + -·0 �

Ó
3
≤ ·2 # Ó

2
+ ·1 # Ó + ·0

Î·È ·ÊÔ‡ ÔÈ ÌÈÁ·‰ÈÎÔ› ·2, ·1, ·0 ·Ó‹ÎÔ˘Ó ÛÙÔÓ ·Ú·¿Óˆ °. TfiÔ ı· ÈÛ¯‡ÂÈ

·fi ÙËÓ A fiÙÈ ·2 ≤ 3, ·1 ≤ 3, ·0 ≤ 3 Î·È ¤ÙÛÈ ¤¯Ô˘ÌÂ:

Ó
3
≤ 3 Ó

2
+ 3 Ó + 3 � Ó

3
< 3 Ó

2
+ 3 Ó + 4 � Ó

3
- 3 Ó

2
- 3 Ó - 4 < 0

�
ÌÂ ÙÔ 4

HORNER

Ó - 4 Ó
2
+ Ó + 1 < 0 � Ó < 4

Î·ıfiÙÈ Ô fiÚÔ˜ Ó
2
+ Ó + 1 > 0 ·ÊÔ‡ ¤¯ÂÈ ¢ = 1 - 4 < 0.



E›Ó·È gã(x) = 3x2 + 3x Î·È ·fi

gã(x) = 0 � 3x x + 1 = 0 x = 0
x = -1

TÔ ÚfiÛËÌÔ ÙË˜ gã(x) Ê·›ÓÂÙ·È ‰›Ï·

E›Ó·È g(-1) = -1
2
, g(0) = -1 Î·È

lim
x @ -ß

g(x) = lim
x @ -ß

x3 = -ß, = lim
x @ +ß

g(x) = lim
x @ +ß

x3 = +ß, ÔfiÙÂ:

™ÙÔ -ß,0 ÙÔ g(-1) = -1
2

Â›Ó·È ÔÏÈÎfi max, ¿Ú· Ë g(x) < 0 Î·È Ë ÂÍ›ÛˆÛË ·‰‡Ó·ÙË

Î·È ÛÙÔ 0,+ß Ô˘ Ë g(x) ì ¤¯ÂÈ ™. TÈÌÒÓ ÙÔ g(0), lim
x @ +ß

g(x) = -1,+ß

Ô˘ ÙÔ 0 ç -1,+ß , ¿Ú· Ë g(x) ¤¯ÂÈ 1 ÌfiÓÔ Ú›˙· Ú > 0 Î·ıfiÙÈ g(x) ì.

x

gã

g

-ß  -1    0    +ß

+ - +

max min

 
°3 £¤Ïˆ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ x0 ç 0,



4
Ô˘ Ó· Â·ÏËıÂ‡ÂÈ ÙËÓ ÂÍ›ÛˆÛË

f(t)dt
x-



4

0

= f x -


4
#ÂÊx

ŒÛÙˆ h(x) = f(t)dt
x-



4

0

- f x -


4
#ÂÊx Û˘ÓÂ¯‹˜ ÛÙÔ 0,



4
Û·Ó Ú¿ÍÂÈ˜ Û˘ÓÂ¯ÒÓ.

Ë Û˘Ó¿ÚÙËÛË f(t)dt
x-



4

0

Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË, ¿Ú· Û˘ÓÂ¯‹ ,̃ ·ÊÔ‡ Ë f Û˘ÓÂ¯‹˜ ÛÙÔ ®

E›Ó·È h


4
= 0 - f(0)#ÂÊ



4
= -1 < 0 Î·È h(0) = f(t)dt

-


4

0

- 0 > 0 ·ÊÔ‡ Ë f(x) > 0 ÛÙÔ ®.

ŒÙÛÈ h


4
#h(0) < 0, ¿Ú· ·fi £. Bolzano ÙÔ ˙ËÙÔ‡ÌÂÓÔ.

Τακης
Text Box
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¢1 Afi ˘fiıÂÛË Ë fã ì ÛÙÔ 0,+ß Î·È f(1) = 1.

E›ÛË˜ lim
h @ 0

f 1+5h - f 1-h

h
= 0 � lim

h @ 0

f 1+5h - f(1) - f 1-h - f(1)

h
= 0 �

lim
h @ 0

f 1+5h - f(1)

h
-

f 1-h - f(1)

h
= 0 �

lim
h @ 0

5
f 1+5h - f(1)

1 + 5h - 1
+

f 1-h - f(1)

1 - h - 1
= 0 � 5fã(1) + fã(1) = 0 � fã(1) = 0

To lim
h @ 0

f 1+5h - f(1)

1 + 5h - 1
= lim

x @ 1

f(x) - f(1)

x - 1
= fã(1), ı¤ÙÔÓÙ·˜ 1 + 5h = x, Ô˘

fiÙ·Ó h @ 0 ÙÔ x @ 1. OÌÔ›ˆ˜ Î·È ÙÔ lim
h @ 0

f 1-h - f(1)

1 - h - 1
= fã(1), ı¤ÙÔÓÙ·˜ 1 - h = x.

AÊÔ‡ ·fi ˘fiıÂÛË Ë fã ì ÛÙÔ 0,+ß ÁÈ· x > 1 Â›Ó·È fã(x) > fã(1) = 0 ¿Ú· f ì
ÁÈ· x < 1 Â›Ó·È fã(x) < fã(1) = 0 ¿Ú· f †

ŒÙÛÈ Ë f(x) ÂÌÊ·Ó›˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÛÙÔ x0 = 1 ÙÔ f(1) = 1 ‰ËÏ. f(x) > 1 ÌÂ x ç 0,+ß , x ≠ 1.
  
¢2 Afi ˘fiıÂÛË g(x) =

f(t) - 1

t - 1
dt

·

x

ÛÙÔ 1,+ß ÌÂ · > 1.

AÊÔ‡ Ë Û˘Ó¿ÚÙËÛË
f(t) - 1

t - 1
Û˘ÓÂ¯‹˜ ÛÙÔ 1,+ß Ë Û˘Ó¿ÚÙËÛË g(x) ·Ú·ÁˆÁ›ÛÈÌË ÌÂ

gã(x) =
f(x) - 1

x - 1
> 0 ÁÈ· Î¿ıÂ x > 1. ·fi ÚÔËÁÔ‡ÌÂÓÔ ÂÚÒÙËÌ· Ë f(x) > 1 ÁÈ· x > 1

ŒÙÛÈ Ë Û˘Ó¿ÚÙËÛË g(x) ì ÛÙÔ 1,+ß .

£¤Ïˆ Ó· Ï‡Ûˆ ÙËÓ ·Ó›ÛˆÛË g(u)du
8x2+5

8x2+6

> g(u)du
2x4+5

2x4+6

Ô˘ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜

h 8x2+5 > h 2x4+5 fiÔ˘ h(x) = g(u)du
x

x+1

·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 1,+ß ÌÂ

hã(x) = g(u)du
x

5

+ g(u)du
5

x+1
ã = g(x+1) - g(x) > 0 ·ÊÔ‡ x + 1 > x Î·È g ì.

ŒÙÛÈ ·fi h 8x2+5 > h 2x4+5 �
h ì

8x2 + 5 > 2x4 + 5 � 2x2 2 - x 2 + x > 0.

MÂ ÙÈ˜ Ú›˙Â˜ x = ±2 Î·È x = 0 (‰ÈÏ‹) Â‡ÎÔÏ· ÚÔÎ‡ÙÂÈ x ç -2,0 © 0,2 .
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¢3 Œ¯Ô˘ÌÂ ‚ÚÂÈ gã(x) =

f(x) - 1

x - 1
·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 1,+ß ÌÂ

gãã(x) =
fã(x) x - 1 - f(x) - 1

x - 1
2

=
fã(x) -

f(x) - 1

x - 1
x - 1

=
fã(x) -

f(x) - f(1)

x - 1
x - 1

=
fã(x) - fã(Í)

x - 1

¤¯ÔÓÙ·˜ ÂÊ·ÚÌfiÛÂÈ ÙÔ £.M.T ÛÙËÓ ·Ú·ÁˆÁ›ÛÈÌË, ¿Ú· Î·È Û˘ÓÂ¯‹ f(x) ÛÙÔ 1,x .

ŒÙÛÈ ÌÂ Í < x �
fã(x) ì

fã(Í) < fã(x) Î·È ÌÂ x > 1 Ë gãã(x) > 0 ¿Ú· Ë g(x) Î˘ÚÙ‹

£¤Ïˆ Â›ÛË˜ Ó· Ï‡Ûˆ ÙËÓ ÂÍ›ÛˆÛË · - 1
f(t) - 1

t - 1
dt

·

x

= f(·) - 1 x - · .

A˘Ù‹ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÚÔÊ·Ó‹ Ï‡ÛË ÙËÓ x = · Î·È ÁÈ· x ≠ · ¤¯Ô˘ÌÂ:

g(x)

x - ·
=

f(·) - 1

· - 1
�
· > 1

g(·) = 0 g(x) - g(·)

x - ·
= gã(·) �

£.M.T

gã(Í) = gã(·) �
gã 1 - 1

Í = ·.

TÔ ÙÂÏÂ˘Ù·›Ô fiÌˆ˜ Â›Ó·È ¿ÙÔÔ ·ÊÔ‡ Ë ÂÊ·ÚÌÔÁ‹ ÙÔ˘ £.M.T. ¤ÁÈÓÂ ÛÙÔ

‰È¿ÛÙËÌ· ·,x , ÔfiÙÂ Í < x ‹ ÛÙÔ ‰È¿ÛÙËÌ· x,· , ÔfiÙÂ Í > x.

ÕÚ· Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ì›· ÌfiÓÔ Ï‡ÛË ÙËÓ x = ·




