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8:00 —11:00

Mpotevopeveg ADGEIC

MEPOXZ A’

1.

ouvyx

No uTtoAoyioete to 6plo  |lim

L
X

ZX-E

AY2H
MapatnpoUpE Ot

Iin;lTouvx:O Kat lim (x-Ej:O

- -
X2 X2

H ampoadlopiaTia gival g HopEnc % E@appuolovtag tov Kavova

De L'Hospital £xoupe:

0

0
lim GU\;? = Ilim H;JX: 1
x—>§ X_E DLH X—>§

a
(a) Aivetal o mtivakog B= (y gj ME O, B,Y,d eR. Na avagépete TOTE

opileTal 0 avtioTpoPo g Ttivakag tou B.

, 5 . . ,
(B) Av o mtivakog A= [2 1) , va deiéete ot AT =A-41 , omou 1

0 povadlaio¢ 2x 2 TivoKac.

AY2H

a) O avtioTpo@o¢ TTivaKag Tou Ttivaka B opiletal otav n tiun tng opidovoog
ToU givat diGopn aTtd 1o pndév , [B| = 0 .1} av 1oxvel oxéon ad-By=0.

a1 2) (1 -2
B) “_1l—2 5)7 (2 -5

5 -2 1 0) (5-4 —2-0) (1 -2 .
A-41= —4 = = =A
2 -1 0 1) \2-0 -1-4) (2 -5
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NP

No LTTOAOYIOETE TO OAOKANPWUA '[ (x+ L jdx
0

1+4x?
AY3H
2 3
2 1 _ X2 1 73_
_([(X+1+4X2de— [?+§T0§€<P2X]o -
3.1 3 1m 3 m
= —+-108e@V3-(0+0) = —+=— =—
8 2 E(pf( ) 8 23 8 6

Na Bpeite TI¢ TIHEC TwV O, e R WOTE N YPAQIKY) TIOPACTACT TNG
ouvaptnong f(x)=alnx+Bx*+2, x>0 va éxel onpeio KAPTING
10 onpeio . A(1,3)
AY2H
a) f(x)=alnx +Bx *+2 =f(1)=3= B+2=3=B=1
f'<x):§+2f3x = )= X%+23

f(1)=0 = -a+2p=0 =0=2

MpdypoT yia TI¢ TIHEC a=2 Kal B=1 €XOUPE aNUEI0 KOUTINC a@oU yia
o=2 kol B=1 Ba éxoupe f"(x)= -X—22+2 = f"(x)=0=x=1.

X 0 1 +00
() - % .
f(x) K.z

‘Evag uTtdAANAOC epyddeTal o’ éva EEVOJ0XEI0 IOVO TIEVTE HEPEC TNV EBOOUADA.
(a) MOoeg dIOPOPETIKEC ETUAOYEC EXEl WC TIPOC TIC HEPEC TIOL Ba epyaaTei, av

OEV UTIAPXEI KAVEVOC TIEPIOPIOHUOC OTNV ETUAOYI] TOU.
(B) e mOOEC ATIO AUTEC TIC ETUAOYEC O LTIAAANAOC Ba epyaldtav TO TIOAD pia

péEPa aTtd TO ZaBBaATOKVUPIAKO .
AY2ZH

7 , .
a) ‘Exel (5) =21 SI0QOPETIKEC ETIAOYEC .

B) ATO 6Aoug Toug dLVOTOUC TPOTIOUC APAIPOUE TIC ETIIAOYEC TIOU £XEL OV
O0ULAEYEL TO ZaBBOTOKUPIOKO dNA.

. 7) (5 . .
EXEL (5] - [3}2 21-10 =11 dI0QOPETIKEC ETUAOYEC
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Aivetal o KOKAoC (K) pe e&iowan Xx* + P*> -4x-8P-80=0
Na Bpeite:
(a) To KEVTPO Kal TNV AKTiVa TOL KOKAOU.

(B) Tig tpég Tou a (a e R)ate o KOKAOG (K) va amokdTTte Xopdi} urikoug 16

pHovadwv aTtod v evbeia 3x - 4P = a
AY2H
a) x>+ -4x-8p-80=0 ,

g=-2,f=4, ¢=-80
K(2,4) ,

R=g"+f°-c=+4+16+80=10

B) M.0. R*=d*+(Ar)?
100 = d*+64 = d=6 pov.

_|6-16-q N 6:M
Jo+16

i) -10-0 =30 = a=-40

) -10-a=-30 = a=20

= -10-a=x 30

>’ éva oxoAgio @oitovy 400 rtaidid. ATo autd ta 250 sival kopitola. To 60%
TWV KOPITOIWV Kal T0 20% TwV ayopIwv aaX0AoUVTal 0ToV EAeVOEPO TOUG
XPOVO UE TO X0PO.

(a) Av eTtIAEEOLPE TLX IO Eva TTaIdI, TTOIO N THOAVOTNTA VO OOXOAEITAl PE TO
X0pO.

(B) Av T0 Ttoudi TTOU €XEI ETTIAEYEI AOXOAEITOI PE TO XOPO, TIOIO N TUBAVOTNTA VO
gival ayopil.

AY2H

Opidoupe Ta evdeXOUEVQ:
K:* 1o Ttaudi eivail kopitol ”
A:“ 10 Ttaudi gival ayopt”
X: “ To mtaudi va aoxoAeital Ye 10 Xopo”.
5 3 6 _3 2 1
P(K)==, P(A)=> |, P(XIK)=—== | P(X/A)=—==
(K) 3 (A) 3 (XIK)= = (X/A) 10 5
Q) P(X)=P(K n X)+P(A N X)—P(K)P( XIK)+P(A)P( X/A)
_5 3 31 _18_9

85 85 40 20

3
B P ="E 0= 402
20
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(a) Na diatuTtwaoete 10 Oewpnua Méang TiuNg Tou Ala@opIKOV

AoyiopoU Kal va dWOETE TN YEWUETPIKA TOL EpUNVEia.

(B) Av yia tn ouvdaptnon f: R — R 1oxvel o f’(x) =0, yia kdBe XER Kal
f(a) =c, ceR. Naomodeitete o1 f(X) = ¢

AYZH
a) Av n cuvdaptnon f eival cuvexrc oto KA€IoTO [a,B] Kal Ttopaywyiciun oto
QVOIKTO didotnua (a,B), TOTE LTTAPXEL EVOC TOLAAXIOTOV aPIBPOC & € (a,B) TEToI0C
wate: f(§) = M.

B-a
Mapatnpolpe OTI uTtopolpE va BpoLue éva TovAdxioTto anueio (&,f(€)) Tou
Ol0yPAUMATOC GTO OTIOIO N EQATITOMEVN €ival TIOPAAANAN WE TN Xopdn AB.

f(B)-f(a)

Mo M STO=T

B) 'Eotw xeR .H f gival ouvexn¢ oto [a,X] ,tapaywyictun oto (a,X).
Apa cUPEWVO PE TO ©.M.T. UTTAPXEL Eva TOUAAXIOTO &e (a,X) €101 WOTE

f@={O0-T@ L T00-c_ g _por ¢
X - X - O

Aivetal n tapaBoAr Y?=4x Kai 1o onueio g P(t%2t) , t e R-{0} .

(a) Na amodei&ete 01 N e€iowaon NG EQPATITOPEVNC TNE TIOPAPBOANC OTO ChUEio
P divetal amo my e&iowon (g): Yt = X+t

(B) To Xxwpio TIov TtePIKAEiETal ATO TNV e@aTTopévn (&) , TV TTAPaBoAN

Kol Tov agova Y'Y, TIEPICTPEPETAl TIANPWC YOPW aTId TOV Agova XX Kal

Ttapayel Oyko V(t). Av V(t) = anK.u. , VO UTTOAOYIOETE TIG TIMEC TOU .
AY2ZH
dy dyg 2
o) Pi=4x =2 —=4= ——=—
dx dx ¢
_2.1
®2t 0t

E€iowon epamtopévng: Y-2t= %(x-tz) = tP-2t?=x-t? = tP=x+t?
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B)

~ }\ i

V=T [(W2-@?)dx
0

2

_ i Xinz. - i’ )(_2 2 - ¢ X 2
_nj[(t+t) A Jdx = nj(tz +2)+t2-4x )dx —nI(tz 2y+t?)dx
0 0 0

3 3 t6
X _X2+t2x 't4+t4 t4
=Tt| 3t? =T | 3t =T

0

4
i
nt— _lem —=t*=16 = t=+ 2
3 3

10.

x> W2

Aivetan n EAEIPN ?+F—l, o>B>0. loookeég Tpiywvo BZH , (BZ=BH) ,

EYYEYPAUUEVO 0NV ENAEIPN, £XEl KOPUPEC oTo B(0,B) Kol oTa peTaBANnTd

onueia ¢ EAeYng Z kait H. Av © &ival anueio Tou eTUTTEOOV TETOIO WOTE TO
TETPATIAELPO BZHO gival TTapaAANAOYPAUMO, VO UTTOAOYIOETE TIC CUVIETAYUEVEC
TWV KOpLPwvV Z Kal H yia TI¢ oTtoieg TO UBadOV Tou TTapaiAnAoypdupouv BZHO
yivetal yéyloTo.

AY2H

Z{-x,) ‘/,/-I-(x,wl

=
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E=2X(B-v)
2 2
OHWC §+w_2:1 = X=z a BZ_qu

B B
- :%“(B-w)-\/w-wz
dE 20, 29 oo o
078 L v JBEu?)
_ 20 B (BY7) |20 20°By-p

B \/Bz_wz B lgz_wz

dE

w:0 otav 242 -BY-p2=0= (2Y+B)(V-p)=0
:>UJ:'% N Y=B omoppirttetal.
E, . OTOV Ol KOPLYEC Z Kal H gival Z(-ﬂ,-ﬁ) Kal H(@,-E)
2 2 2 2
v _B
p B p
E'(W) + <L )
T.M
E(W) 7 N
2°¢ 1pd1ocg

Av H(aouwve,pnué) kai  Z(-0ouve,Bnue)
E(6)=(200uv8) (B-Bnu6)
E(6)=2aBouve - apnu26
E'(6)=-2apnué - 2aBouv28
E'(6)=0 = -20Bnu6-20Bowv26=0 = -2aB(nué+cuv28)=0
nué +ouv26=0 1-2nue+nue=0
2nNy26-nu6-1=0

1
nu9=-§ nuoe=1
e:_llT[ r’l 927_]-[
6 6
viaN LT 7 M
E”(8)=-20Bcuve - 2aBnu26 E (FJZ-ZGGGUV?-ZGBHU?>O
11im 11m 11m
E"| — |=-20Bouv ——-20Bnu——<0
(120 agous 2 2o
11m L .
Na ©6 :T TO gPPadOV yiveTal PHEYIOTO
11m 11m 11m 11m
H| aouv , Kol  Z| -aouv ,
( 5 P j [ 5 P ]
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H (GEEJ Z (GEE]
2 2 2 2

Y1tdpxouv Kal GANG ICOOKEAL TPiIywVa PUE KOpuPn TO B(O,B) EYYEYPOAPUEV
oTtnV ENAEIPN PE TIALPG ZH un TIAPAAANAN PE TOV XX OMWC, deV didouv
MEYIOTO EPPadHY.

MEPOX B’

1

2_
Aivetal n ouvApTnon Pe TUTIO f(x)=);(2—i'
A@oU Bpeite To TEdIO OPIOPOL TNE OLVAPTNONG, TO CNMEID TOUNG ME TOUC
AEOVEC TWV CULVIETAYHEVWVY, TO TOTIIKA OKPOTOTA, TO SIOCTHHOTA JOVOTOVIOG Kal
TIC OOUPTITWTEC TNG YPOPIKAC TOpACcTOCcNC NG ouvdptnong, va Tnv
TIAPOCTHOETE YPAPIKA.

AY2H

Nedio oplopol: A=R-{-1,1}

Znueia Topng e d€oveC CUVTETAYUEVWV:

MNa x =0 é€xoupe (0,4) Kal

Na Y =0 €xoupe (2,0) kat (-2,0).

Movotovia-akpotata: Mapaywyifovtag Tnv ouvaptnon TAiPVoLPE

2_1)-2x(x2 -4
f,(X):Zx(x )-2X(*-4) _ 6x

=0=f'(x)=0=x=0

2 2
(x*-1) (x*-1)
H povotovia kal ta akpétata TnG f @aivovial 6Tov TIOPAKATW TVOKA.
X -0 -1 0 1 400

o | - : % + +

w | N NTES s
H f eival

e [vnoiwg avéovoa ata dlaoThuaTa [0,1) Kal (1,+0)

e Tvnoing pbivovoa ota dlacTtipata (—wo,—1) Kai (-1,0]
H f éxel ToTtko eAdixioto 10 f(0) =4, dnAadn T.E(0,4)

ACUUTITWTEC
Op16vTia agLUTTITWTN:
2
x4
lim X2 =1,
X—>0 X _1
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2
lim X%

=1
X—>—00 X2 -1

Apa, y =1 op1lOVTIO ACVPTITWTN OTaV X — too.

KotakOpLu@EC AoVUTITWTEC:

2 2
lim XZ 4 =—o0 Kol lim X2 4 =+o00 ,0p0 X=-1 KOTAKOPLEPN OCUUTITWTN.
x—>-1 X -1 x—>-1" ¥ -1

2 2
lim X2 4_ —oo Kal lim XZ 4_ 40 ,Apa X=1 KOTAKOPLUEN OCUUTITWTN
x> X -1 ¢ -1

pa@ikA TTapdoToon:

Aivetal n Aé€n «<ANE=ZAPTHTA».

(a) () No Bpeite To TTANO0C TWV AVAYPAPPOTIOU®WY TNG AéENG.

(i) Av eTuAeyei otn TOXN €vag aTtd TOLC TIO TIAVW AVOYPAPUATIOPOOC va Bpeite
TNV TUBAVOTNTA TWV EVOEXOUEVWV:

A: “ 0 OvVaypOUUATIOUOC VO TIEPIEXEL TA TPIO A CLVEXOPEVD”

B: “ 0 avaypauuOaTIOUOG va TIEPIEXEL TO TPIO A oUVEXOMEVA Kal Ta duo T O€ N
Ol1000XIKEC BETEIC”

(B) Na Bpeite o0 AEEEIC UTTOPOUV VO OXNHOTIOTOUVY XPNOIUOTIOIWVTOG

TE0OEPA ATIO Ta ypauuata TG Aé&ng «KANE=ZAPTHTA>.

AY2H

|
i) Me=12 —302400
312!
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i) N(Q)=302400 ,  N(A)=2:=20160

N(A) _ 20160 _ 1

(A)= N(Q) 302400 15
1) N(Q)=302400 , N(B):(;]-Glzlslzo

( )_N(B)_ 15120 _ 1
N(Q) 302400 20

B) Alokpivoupe TIC €€NC TIEPITITWOEIC:

6 |
1) 3A Kol 1 dl1a@QOoPETIKO ypAUUA, [J 4; =24 N
1) 2A Kail 2 dl0@OPETIKA YpAupaTa, ( j — =180 R
=180 n

w) 2T Ko 2 do@OoPETIKA YpAUpOTa, ( j

v) 2T kal 2A
2'2'

7
V) OAd O YPAPPOTA SIOQOPETIKA, (4} -41=840.
>0VOAO Aé€ewv: 24 +180+180+6+840 =1230.

Aivetal n mapaywyioiun cuvdaptnon f: R — R yia TNV oTtoia 1ox0ouv:

2x f(x)+ xz(f’(x)—s):—f'(x) yla kéBe X € Rkal f(1)= %

, , _ X
(a) Na amodeigete 61 f(X) vare]

, Xe R

(B) Na attodeiéete 0TI T0 ePPadOV E Tou xwpiov TIoU TIEPIKAEIETAI OTIO TIC
guBeieC x=a, x=B , 0<a<P , TN YPAPIKI) TTAPACTACT TN¢ GLVAPTNONC
: (B-a) (o +ap+B*+3)

g(x) = X, X #0 kai tov &ova X' eival E = 2

tfx)
AY2H
a) H dedopévn oxéan ypagetal:

2xf (x)+x* (' (x) -3) = '(x)

2xf ()()+f’()()()(2 +1) =3x* A [f (x)(x2 +1)] =3x°
Ol ocuvapPTNCEIC €ival Kal aTa dU0 PEAN OUVEXEIC , APa OAOKANPWVOVTAC EXOUUE
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f(x)(x2+1):13x2dx — f (X)(X2+1):X3+C

()= 2= f(1)-2=1rc 5 c =0

, YD G = B . , ,
B) H ouvaptnon 9(X)=@ = ve X3 =X%+1, x =0, eivail BTk o0 R, dpa
3 B 3 3
E=[(x*+1)ax=| X +x| =B+ p-L g
o -] B
[33 GS N 3 BS_ G3 3
= —_—-— a + -0 =
3 3 B B
_(B-0) (o’ +ap+p*+3)
- 3
X W
Aivetan n EAEIPN 9_+T:1’ kot onpeio P(30uve, 2nu6) mavw oe auth.

(a) Na d¢eiete 61 N €€icwaon TNE EPATITOPEVNG TNC EAAEIYNG OTO anpeio P gival
200Vv0.-X + 3Nu6 -PY=6

(B) H e@armtopévn NG EAAEIYPNG oTo onueio P téuvel toug a&oveg X'x Kol W'y
ota onueia I kait A avtiotoixa. Na BpEite TIC CUVIETAYPEVEC TwV onueiwy I Kal
A.

(y) Zta onpeio I kou A @époupe €uBeieq kABeTeEC atoug G&oveg X'X Kal Y'Y
avtioTtolxa, Ttou TEYvovtal oto onueio T. Na Bpeite tnv €€icwon TnN¢ KOPTIOANG
TIAVW OTNV OTIOIO OVNKEI O YEWUETPIKOC TOTIOC TOU anueiov T, KaBwC T0 anueio
P Kiveital Ttavw atnv EAAEIYN.

() Av K kal A gival ta péoa Twv Xopdwv PA’ kal PB' avtiotoixa, 6mou ta

onueia A’ kal B’ ivar ol KopuPEG TG EMeIPNG Pe ouvetaypéveg A'(-3, 0) ko
B’(O, -2) , VO BPEiTe TIC cLVTETAYUEVEG TOL onueiov P wate n eubeia KA va givai

TIAPAAANAN TIPOG TNV EQATITOUEVN TNC EAAEIYNC OTO anueio P.

AY2H

2 2
+—=1

a® B

>

a) Mapaywyilovtag TeMAeypéva TNV e€icwan TN EAEIYNC

I\’|

2
éxoups: 2_)2(+2_L2|J.d_tp:0 Dd—w:-XBZ
o B dx dx Wa

Emopévag oto onpeio P(30uve,2nuB), n khion g epamtopévng (&) siva:
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_30uvv6.4  20uve

©7 2nu6.9  3nud

Apa n e&iowon G (&) eivat:

P-2nNuo = - Z;U:: (X-30LVvB) = 3YNWO - NP6 = - 2XoUVO + 6oLV?0 =
2X ouvl + 3Ynub = 6.
B) Na x=0
oTNV TIponyoLuevn €&iocwan EQATITOPEVNC TNG EAAEIPYNC TIAIPVOUE
2 . 2
Y=—, apa A(O,— j
nuo nue

MNa y =0, EXoupE X= 3 apa F(i Oj.
ouvo ouve

3

. . , 2 . .
y) Ou ouvtetaypéve¢ tou onueiov T eivar T —— | , ETIOPEVWG
cuvl nuo
X= 3 :>0UV9:§, Kal UJZL:H]UGZE
ouvo X nuoé )

YPwvovtog oTi¢ d00 TEAELTAIEC OXETEIC Kal Ta VO PEAN OTO TETPAYWVO, EXOUUE

9 4
ouv?8=— Kol NUB=—-
X’ ?

nu°e + ouv?®e =1

MpooBétwvTtag Katd YEAN TIC SV0 TEAEUTAIEG IGOTNTEC TIAIPVOUE TNV
KopTeolavr) e€icwan TOL YEWPETPIKOD TOTIOL TOU onueiov T,
9 4
7*@21
X

d) Ol CLVTETAYUEVEC TwWV Onueiwv K kal A avtioTtoixa €ivail:

K(?’(GUTVG'D, nueJ Kal /\(30;\)8’ r]ue-lJ
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ETIOPEVWG 1N KAiON NG evBeiag KA eivar: A, = -

wWIN

ATIO TNV LTI6BEaN KA//(€), £XOLUE yIa B # 2KTT, K € Z
20Vv0 2 T
- =-—=000=1=0=KnN+—KeZ
3nub 3 =00 - 4" €

kot ot Aboeig G oto (0,21T) eiva 9:% Kal 0 =%

ETtopévwg ol GUVTETOYUEVEG TOU P eival

Eafiope

2

(a) Aivetain ouvvdptnon g:(0,+) >R pe 10MO g(X)=2+2X-InX .
(i) Na Bpeite Ta akpoTOTA TNE CLVAPTNONC.

(i) Noa amodeiéete ot In7x <1+X, VX e(0,+x)

InX _ty2
(B) Av f(x)= J' 1e+tet dt, X e[1,+w), XpNOIHOTIOIVTAG TNV AVTIKATACTACH
0

t = - u va amodeiéete OTI

AYZH
a) (i)Mapaywyilovtag Tnv cuvdaptnaon g(x) =2+2x -Iny, éxouvue
1 1
' - 2 .= ' — O ==
g'(x) X,g(x) =X=5
1 , 1 '
Av X<5=9 (X)<0 «xatav x>E:>g(x)>O :
Apa n g Ba Ttapouaialel OAIKO EAAXIOTO OTO (% 3+In2)
(i) AQoU n g TTapPoULCIALeEl ONIKO EAAXIOTO OTO X =%

Vx € (0,+)g(x) 2g(%} = 2+2X —InX >3 +In2 > 0 .ZUVETIWG In7)(<1+)(.

1
In=

1 X ett2 ~Inx ett2
'EXOUUE fl == dt = dt .
B) ‘Exouu [xj £1+et !:1+et

Xpnoigotoiwvtag Tnv dobeica aviikatdotacon 6a TTAPoupE

t=0 u=0
dt = —du kol TO véa opla , TNC OAOKANPWOC
P t=nx u=Iny ne Newang
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X Aty2 -nx Ltg2 Inx y-up 2 Inx 2 Inx
2= = [ a2 du=— [ du=-]
X) l+e l+e o 1+e o 1+e 1

0

) 1 InX ett2 Inx t2 Iny (1+et)t2
Apat f(x)—f[—j_ £l+etdt+£l+etdt_ !—dt

X Inx )’
= [t _ ()" .
0 3
XpnolgoTolwvTtag TNV aviowaon Tou (a) 6a TTapovuE

10 1) e < 2Pt

hE TNV 1o0TNTa Vo Iox0el yia X = 1.
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